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Abstract. Selected aspects of a general approach to nuclear fission are described with the focus on the
possible benefit of meeting the increasing need of nuclear data for the existing and future emerging nuclear
applications. The most prominent features of this approach are the evolution of quantum-mechanical wave
functions in systems with complex shape, memory effects in the dynamics of stochastic processes, the
influence of the Second Law of thermodynamics on the evolution of open systems in terms of statistical
mechanics, and the topological properties of a continuous function in multi-dimensional space. It is demonstrated that this approach allows reproducing the measured fission barriers and the observed properties of
the fission fragments and prompt neutrons Our approach is based on sound physical concepts, as demonstrated by the fact that practically all the parameters have a physical meaning, and reveals a high degree
of regularity in the fission observables. Therefore, we expect a good predictive power within the region
extending from Po isotopes to Sg isotopes where the model parameters have been adjusted. Our approach
can be extended to other regions provided that there is enough empirical information available that allows
determining appropriate values of the model parameters. Possibilities for combining this general approach
with microscopic models are suggested. These are supposed to enhance the predictive power of the general
approach and to help improving or adjusting the microscopic models. This could be a way to overcome
the present difficulties for producing evaluations with the required accuracy.
PACS. 24.75.+i General properties of fission – 24.10.Pa Thermal and statistical models

1 Introduction

systematics to theoretical models. Empirical descriptions
have excellent quality for systems, for which reliable exIn the theory of nuclear fission, considerable progress has perimental data have been measured, but their predictive
been made. The potential-energy surface of the fissioning power for other fissioning systems or for other excitation
systems has been systematically mapped in five-dimensional energies is rather limited. There is presently considerable
deformation space [1]. Stochastic methods [2–7] and self- activity in this field, e.g. refs. [15–18]. Theoretical modconsistent microscopic approaches [8, 9] have been devel- els are already very successful in describing general trends
oped for dynamical calculations of low-energy fission. How- but fail to reproduce experimental data closely enough.
ever, these calculations still face severe restrictions that
In this work we describe the main features of the GEnare caused by limited computing power and by the lack of eral Fission model (GEF), a semi-empirical approach that
suitable theoretical formalisms. Generally, only a subset combines new experimental information, e.g. [19, 20,?],
of the degrees of freedom of the fissioning system is con- with several long-standing [22,23] and some newly develsidered. Moreover, the theoretical understanding of the oped theoretical ideas [24, 25]. This novel approach aims
fission process cannot fully rely on the powerful standard to unite a good reproduction of measured data with a high
methods conceived for describing static nuclear proper- predictive power. A comprehensive documentation of the
ties; it still requires developing new methods for modelling model can be found elsewhere [26].
non-equilibrium processes in nuclei, see e.g. [10–12].
The most important static property of the fissioning
Many attempts have been made to develop methods
for describing the fission-fragment yields and other fission system is the deformation-dependent potential energy, in
properties with the precision that is required for applica- particular the height of the fission barrier. There is a great
tion in nuclear technology, the most comprehensive ones divergence in the theoretical predictions of fission barriers
for exotic nuclei, e.g. those on the r-process path. But also
being coordinated by the International Atomic-Energy
Agency (IAEA) [13, 14]. They span the range from em- the deviations from measured data exceed the experimenpirical compilations and evaluations over semi-empirical tal uncertainties appreciably. An important source of uncertainty is the difficulty in precisely calculating complex
a
effects of nuclear structure. By making use of the topologE-mail: schmidt-erzhausen@t-online.de
b
E-mail: jurado@cenbg.in2p3.fr
ical properties of the potential-energy surface, these diffi-
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culties are demonstrated, and possibilities are shown, how
they can be overcome.
The description of fission observables, for example the
properties of the fission fragments, is even more challenging, because it relies on the modelling of the dynamics
of the fissionning system. Like most of the previous descriptions, which go beyond purely empirical compilations
and evaluations of experimental data, the present work
utilises the concept of independent fission channels [27,
28]. In the original Brosa model [28], the properties of the
fission channels could not be predicted; they had to be determined for each fissioning system individually from experimental data, mostly from two-dimensional mass-yield
- total-kinetic-energy distributions. Effort was invested to
establish empirical systematics of the parameters of fission
channels [29–31] or to deduce the fission-channel properties from shell-model calculations [32]. Our model follows a different approach, based on the separability [24]
of macroscopic and microscopic properties on the fission
path. According to the separability principle, the macroscopic potential-energy surface, dissipation and inertia are
properties of the fissioning system, while the shell corrections in these quantities between the outer saddle and the
scission point are essentially properties of the nascent fragments. Thus, to a good approximation the shell corrections
are uniquely determined by the neutron and proton numbers of the two fission fragments, independently from the
fissioning systems. This concept enables a consistent description of fission-fragment yields and other fission properties for a large range of fissioning nuclei with a very restricted set of parameters. In addition, most of the parameters of our model are directly related to physical quantities, like the height of the mass-asymmetry-dependent
outer fission barrier, the shell-correction energy and the
h̄ω values of the normal modes beyond the outer barriers
as well as the parameters of the energy-dependent leveldensities for the different fission channels. This approach
proves to be very successful for application in nuclear technology and for an improved understanding of some global
aspects of nuclear fission.
The transformation of energy between potential energy, intrinsic and collective excitations as well as kinetic
energy is another very important aspect of the nuclearfission process. It determines the partition of the fission Q
value (plus eventually the initial excitation energy of the
fissioning system) between kinetic and excitation energy
of the final fragments. Moreover, the division of the total
excitation energy between the fragments is of considerable
interest, because it induces a shift of the isotopic distributions from the primary fragments by neutron evaporation
towards less neutron-rich isotopes. The present work takes
advantage of the general laws of statistical mechanics to
describe the energetics of the fissioning system. Statistical
mechanics in particular requires that the available energy
tends to be distributed among the accessible degrees of
freedom in equal share during the dynamical evolution of
the system. This general law provides an estimation of
the evolution of the intrinsic excitation energies and the

population of the available states in the nascent fragments
during the fission process.
Possible ways are discussed, how the benefits of the
present general approach and of microscopic models could
be combined. While the general approach elucidates global
trends and systematic variations of the fission observables
and reproduces empirical data with a remarkable accuracy, microscopic models reduce the dependency from empirical data and improve the predictive power.

2 Fission barriers
During the last years, the efforts for developing improved
models for the calculation of fission barriers were intensified, using the macroscopic-microscopic approach [33–
39], the density-functional theory [40, 41] and varieties of
Hartree-Fock methods [42–46]. Still, the results from the
different models, in particular in regions, where no experimental data exist, differ appreciably.
An alternative approach was used in ref. [48], by estimating the fission barrier as the difference of the macroscopic fission barrier Bfmac and the ground-state shell corshell
, making use of the topographic theorem
rection δEgs
shell
[23, 49] that states that the shell correction δEsad
at the
barrier is negligeably small. The situation is illustrated in
fig. 1.
Odd-even fluctuations due to pairing correlations need
not to be considered, because they cancel, if one assumes
that they are identical in the ground state and at the barrier. According to an elaborate analysis in [50], the average
trend of the fission-barrier height along isotopic chains is
very well reproduced by the Thomas-Fermi model of Myers and Swiatecki [23, 51]. Therefore, the comprehensive
set of empirical fission barriers from ref. [52] that are extracted from experimental fission probabilities and cross
sections are compared in fig. 2 with the quantity
exp
TF
Bftopo = BfT F − Egs−nopair
+ Egs

(1)

Fig. 1. Schematic drawing of the potential energy on the fismac
sion path relative to the macroscopic ground-state energy Egs
for a nucleus that is deformed in its ground state. Spherical
shape corresponds to zero elongation. Blue dashed line: macroscopic potential. Red full line: full potential including the shell
effect.
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Fig. 2. The empirical fission threshold of ref. [52] (full black circles) is compared to the value (open red circles) estimated from
the topographic theorem according to Eq. (1) for isotopic sequences of different elements. In addition,
a modified estimation (full
√
red circles) with a Z-dependent shift and an assumed increased pairing parameter ∆f = 14/ A MeV at the barrier according
to Eq. (2) as well as the theoretical prediction of the microscopic-macroscopic approach of ref. [35] (blue asterisks) are shown.
Empirical values without error bars are given without an uncertainty range in ref. [52].

where BfT F denotes the macroscopic fission barrier of
TF
ref. [51], represented by Bfmac in fig. 1, and Egs
is the
macroscopic ground-state energy from the Thomas-Fermi
model of ref. [23]. Both quantities do not contain neither
exp
shell nor pairing effects. Egs−nopair
was taken from the
2012 Atomic Mass Evaluation, averaged over odd-even
exp
TF
fluctuations in Z and N . The quantity Egs−nopair
− Egs
defines the empirical ground-state shell correction, represhell
sented by δEgs
in fig. 1.

Fig. 3. Empirical correction applied to the fission-barrier
height obtained with the topographical theorem as a function
of the atomic number of the fissioning nucleus. The figure is
taken from ref. [26].

In accordance with ref. [50], the overall isotopic trend
of the empirical barriers is rather well reproduced by Bftopo ,
however, there are some systematic deviations: Firstly, the
barriers of thorium, protactinium and uranium isotopes
are overestimated, while the barriers of the heaviest elements plutonium, americium and curium are underestimated. Secondly, a systematic odd-even staggering that
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Fig. 4. General view on the systems for which mass or nuclear-charge distributions have been measured. The distributions
are shown for 12 selected systems. Blue circles (blue crosses): Mass (nuclear-charge) distributions, measured in conventional
experiments ([53, 54], and references given in [19]). Green crosses: Nuclear-charge distributions, measured in inverse kinematics
[19]. The figure is taken from ref. [55]. The shaded area indicates the domain of validity of the GEF code.

is evident in the empirical barriers from protactinium to
curium is not reproduced by the Bftopo values estimated
with the topographic theorem.
A much better description of the barriers is obtained
by applying a rather simple Z-dependent shift ∆Bf , shown
in fig. 3 that compensates the average systematic deviations for the different isotopic sequences, and by assuming
that the pairing-gap parameter at the barrier in protons
and neutrons is increased with respect to the ground state.
√
Best agreement is found by assuming ∆f = 14 MeV/
A,
√
compared to the average value ∆gs = 12 MeV/ A found
in the ground-state masses. Thus the modified estimated
barriers are given by
√
TF
exp
TF
Bftopo
−mod = Bf −Egs +Egs −n·14 MeV/ A+∆Bf (2)
exp
Egs
is the empirical ground-state energy, directly taken
from the 2012 Atomic Mass Evaluation. Thus, it contains
not only the shell effects, but also the odd-even staggering of the ground-state energies. n is 2 for even-even nuclei, 1 for odd-mass nuclei, and 0 for odd-odd nuclei. The
Z-dependent shift ∆Bf is negative around thorium. The
shift increases towards heavier elements and is assumed
to vanish for lighter elements. Most of the Bftopo
−mod values lie inside the error bars of the empirical values that
are typically 0.2 MeV. Note that the sum of macroscopic
TF
ground-state energy Egs
and fission barrier height BfT F
in eqs. (1) and (2) is equal to the fission-barrier energy
(mass at the fission barrier in energy units):
TF
EfT F = Egs
+ BfT F .

(3)

In addition, fig. 2 shows the predictions of an elaborate
theoretical model [35] that is based on the microscopicmacroscopic approach from Z = 90 to Z = 96. The model
values deviate appreciably from the empirical values. In

particular, the isotopic trend is not well reproduced. Moreover, the model does not show the observed odd-even fluctuations of the barrier height. This is rather discouraging,
because the calculation relies on a meticulous mapping of
the potential in five-dimensional deformation space [1].

3 Fission-fragment distributions
The observables from low-energy fission show strong manifestations of quantum-mechanical effects like the contributions of the different fission channels to the fissionfragment mass distributions that are related to nuclear
shell effects and the considerable enhancement of evenZ fission fragments that are related to pairing correlations. These quantum-mechanical features are responsible
for great part of the complexity of nuclear fission, and,
thus, they considerably complicate the theoretical description of the fission process.
Figure 4 gives an overview on the measured mass and
nuclear-charge distributions of fission products from lowenergy fission. Fission of target nuclei in the actinide region, mostly induced by thermal neutrons, shows predominantly asymmetric mass splits. A transition to symmetric mass splits is seen around mass 258 in spontaneous
fission of fusion residues. Electromagnetic-induced fission
of relativistic secondary beams covers the transition from
asymmetric to symmetric fission around mass 226 [19]. A
pronounced fine structure close to symmetry appears in
201
Tl [53] and in 180 Hg [54]. It is difficult to observe lowenergy fission in this mass range. Thus, 201 Tl could only
be measured down to 7.3 MeV above the fission barrier
due to its low fissility. This relatively high energy explains
the filling of the minimum between the two peaks compared to 180 Hg that was measured at energies close to the
barrier after beta decay of 180 Tl. Considering the measured energy dependence of the structure for 201 Tl [53],
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the fission characteristics of these two nuclei are rather
similar. Also other nuclei in this mass region show similar
features, which have been attributed to the influence of
fragment shells [56].
Let us first consider the different stages of the dynamical evolution of the fissioning system. At first, the nucleus needs to leave the first minimum at its ground-state
shape, by passing the fission barrier, which in the actinides
consists of two or more consecutive barriers with a minimum in between. Since tunneling proceeds with a very low
probability, as can be deduced from the long spontaneousfission half lives, an excited nucleus has enough time to rearrange its available energy. The probability for the passage of the fission barrier increases considerably, if the
nucleus concentrates enough of its energy on the relevant
shape degrees of freedom for avoiding tunneling as much as
the available energy allows. The remaining energy, however, can be randomly distributed between the different
states above the barrier without any further restriction,
such that the barrier is passed with maximum possible
entropy on the average [57]. For this reason, the fissioning
system has no memory on the configurations before the
barrier, except the quantities that are preserved due to
general conservation laws: total energy, angular momentum and parity. Thus, the starting point of the model is
the configuration above the outer fission barrier.
Beyond the outer barrier, one can define an optimum
static fission path, consisting of a sequence of configurations in deformation space with minimum potential energy for a certain elongation. (The dynamic fission path
will deviate from the static fission path due to the influence of dissipation and inertia.) This picture is helpful for
revealing that the fissioning system is unbound only with
respect to one degree of freedom, the motion in direction of the fission path. The system is bound with respect
to motion in any other direction in deformation space.
Some of the degrees of freedom of the system are directly
linked to fission observables, e.g. the mass asymmetry
A1 /(A1 +A2 ) or the charge polarisation < Z1 > −ZU CD . 1
with ZU CD = A1 ·ZCN /ACN . ACN , ZCN , Ai , and Zi are
mass and atomic number of the fissioning system and of
one fragment, respectively. The fission-fragment distribution in Z and A is given by the evolution of the respective
collective variables, until the system reaches the scission
configuration. The value of the respective collective variable is the integral result of the forces acting on the whole
fission path, including the influence of dissipation and inertial forces.
When the two-centre shell model became available, it
was possible to study the single-particle structure in a dinuclear potential with a necked-in shape. Investigations
of Mosel and Schmitt [58] revealed that the single-particle
structure in the vicinity of the outer fission barrier al1
For a continuous tracking of these degrees of freedom, suitable prescriptions must be defined that generalise these values
that are defined for the separated fragments to the respective deformation parameters of the system on the fission path
before scission. This is usually provided by the shape parameterisation.

5

Fig. 5. Neutron shell-model states calculated with the twocenter shell model for the nucleus 236 U. The coordinate s characterizes the nuclear shape on the fission path. The figure covers the range from the spherical shape (s = 1) to a configuration with a neck radius of about 40 % of the maximum
extension of the system perpendicular to the symmetry axis
(s ≈ 3.1). The outer saddle is located at s = 1.7. The figure is
taken from ref. [58].

ready resembles very much the coherent superposition of
the single-particle levels in the two separated fragments after fission. Figure 5 demonstrates that the single-particle
energies remain almost constant little behind the outer
saddle up to scission. The authors explained this result by
the general quantum-mechanical feature that wave functions in a slightly necked-in potential are already essentially localized in the two parts of the system. Also recent
self-consistent calculations show this feature (e.g. ref. [9]),
which is a direct consequence of the necking, independent
from the specific shape parameterisation. This finding immediately leads to the expectation that the shells on the
fission path that are responsible for the complex structure of fission modes are essentially given by the fragment
shells. Potential-energy surfaces of fissioning systems calculated with the macroscopic-microscopic approach (e.g.
ref. [35] support this assumption.
As a consequence, the shell effects on the fission path
can be approximately considered as the sum of the shell
effects in the proton- and neutron-subsystems of the light
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Fig. 6. Schematic illustration of the potential energy for massasymmetric shape distortions on the fission path, after an idea
of M. Itkis et al. [59]. The black curve shows the macroscopic
potential that is minimum at symmetry, while the red curve
includes the extra binding due to an assumed shell appearing
at N = 90 in the heavy fragment.

and the heavy fission fragment. Thus, these shells do not
primarily depend on the fissioning system but on the number of neutrons and protons in the two fission fragments.
However, these shells may be substantially different from
the shell effects of the fragments in their ground state,
because the nascent fragments in the fissioning di-nuclear
system might be strongly deformed due to the interaction
with the complementary fragment.
Figure 6 illustrates schematically how the potential in
the mass-asymmetry degree of freedom is influenced by
shell effects. Different minima appear that define different
fission valleys. Due to the interplay of macrocopic and microscopic potential, the fission-fragment mass distribution
may change substantially from one fissioning systeme to
another, even though the shell effects on the fission path
are essentially the same. The potential energy in the massasymmetric degree of freedom is shown as the sum of the
macroscopic potential and one schematially assumed shell
centered at N = 90. While the minimum of the macroscopic potential, which is at symmetry, is rather close to
N = 90 in the heaviest systems, it moves away further in
the lighter systems. Thus, the potential is minimum for
asymmetric splits for the heavier system, favouring the
population of the asymmetric fission channel, while the
potential is minimum for symmetric splits for the lighter
system, favouring the population of the symmetric fission
channel. This behaviour explains qualitatively the transition from single-humped to double-humped mass distributions for fissioning systems around A = 226 depicted in
fig. 4.
For a quantitative description, the motion in the massasymmetry degree of freedom may be represented by several weakly coupled quantum oscillators in thermal equi-

Fig. 7. Schematic drawing of the potential energy as a function of a collective coordinate that is orthogonal to the fission
direction at a fixed elongation. The two harmonic oscillator
potentials with different depths and h̄ω values represent the
potential in two fission valleys for mass-asymmetric distortions
that are related to different fission channels. The energies of
the stationary states are indicated by the red horizontal lines.
The overlapping of the two curves illustrates the possibility
that the fission valleys are divided by a higher ridge due to
some additional deformation degrees of freedom.

librium with a heat bath2 of temperature T . The ratio of
the yields Yi of two fission channels corresponding to the
population of two harmonic quantum oscillators depicted
in fig. 7 is given by
Y2 /Y1 = e−∆E/T ·

h̄ω1
≈ e−∆E/T .
h̄ω2

(4)

∆E is the potential-energy difference between the bottoms of the two quantum oscillators. The relation is strongly
dominated by the exponential term.
The distribution of the collective coordinate in one fission channel is a Gaussian function with a variance σ 2
that is given by the well known equation:
σ2 =

h̄ω
h̄ω
coth( ).
2C
2T

(5)

It is well known [63] that the statistical model, applied
to the scission-point configuration, is unable of explaining
the variances of the mass and energy distributions and
their dependence on the compound-nucleus fissility. Studies of Adeev and Pashkevich [65] suggest that dynamical
effects due to the influence of inertia and dissipation can
be approximated by considering the properties of the system at an earlier time. That means that the statistical
model may give reasonable results if it is applied to a
configuration that depends on the typical time constant
of the collective coordinate considered. The memory time
is specific to the collective degree of freedom considered.
It is relatively long for the mass-asymmetric distortions
[66] and rather short for the charge-polarisation degree of
2

According to Nörenberg [64], this heat bath comprises only
the collective coordinates, because the coupling between collective and intrinsic motion is to weak to establish equilibrium
between all degrees of freedom.
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freedom [67–70]. Thus, the shape of the potential and the
value of the respective collective temperature T that are
decisive for the distribution of the respective observable
are those that the system takes at the respective memory
time before scission, which can be considered as a kind of
freeze-out. This way, the parameters that are adjusted to
the experimental distributions include dynamical effects.
Stochastic calculations [7] suggest that the fluctuations
in mass asymmetry continue to evolve after the decision
for a specific fission channel is already made. In the picture of coupled quantum oscillators, this suggests that
the transfer of nucleons between different oscillators that
represent the different fission channels is inhibited rather
early, because the fission valleys may be divided by a high
ridge due to some additional deformation degrees of freedom, while the width of the distribution in the respective
quantum oscillator still increases on the way to scission.
Thus, the two temperature values in equations (4) and
(5) are separately determined by an adjustment to the
characteristics of the yields and the widths of the fission
channels, respectively.
It was possible to reproduce the measured mass distributions of the systems marked in fig. 4 by the contributions of four fission channels with a unique parameterisation: The symmetric fission channel corresponding to
the macroscopic potential and three asymmetric fission
channels linked to different fragment shells. These fission
channels correspond to the super-long (SL), the standard
1 (S1), the standard 2 (S2) and the super-asymmetric (S3)
fission channel in the Brosa terminology [28]. Their positions are determined by shells in the heavy fragment. In
addition, the local enhancement of the standard 1 fission
channel in plutonium isotopes is associated to a weaker
shell in the light fragment that is complementary to the
fragment in the standard 1 channel in the heavy fragment.
Some shells in these light nuclei around Z = 40 seem to
be responsible also for the double-humped distributions
found for example in the fission of 201 Tl and 180 Hg. The
same shapes and the same depths of the shells that form
the asymmetric fission valleys were used for all systems.
The positions of these shells were described with a global
parameterisation. The shaded area in fig. 4 indicates the
region where experimental data have been used to adjust
the model parameters. Therefore, this area represents the
domain of validity of our approach.
The observed system-dependent position of the asymmetric fission component that is dominated by the standard 2 fission channel is shown in fig. 8. The mean positions of the shell-stabilised heavy fragments of the different fission channels in thermal-neutron-induced fission are
given by the following empirical relations:
For the S1 channel:
Z̄S1 = 51.5 + 25 · (

1.3
ZCN
− 1.5)
ACN

(6)

For the S2 channel:
Z̄S2 = 53.4 + 21.67 · (

1.3
ZCN
− 1.5)
ACN

(7)

7

Fig. 8. Mean neutron and proton number of the heavy component in asymmetric fission in the actinide region before the
emission of prompt neutrons. The values of NH and ZH that
were not directly measured were deduced from measured mass
or nuclear-charge distributions using the GEF model for the
correction of charge polarisation and prompt-neutron emission.
Open symbols denote results from conventional experiments,
full symbols refer to an experiment with relativistic projectile fragments of 238 U [19]. Data points for the same ZCN are
connected. (See ref. [26], tables 8-10, for references of the underlying experimental data). The figure is taken from ref. [55]

For the S3 channel:
Z̄S3 = 58.0 + 21.67 · (

1.3
ZCN
− 1.5)
ACN

(8)

The exact position of the shell around Z = 42 in the
light fragment that enhances the yield of the S1 channel
in fissioning nuclei around Pu is:
Z̄light = 42.15.

(9)

The shell in the light fragment that enhances the yield
of the S3 channel in fissioning nuclei around Cf has a
slightly different position:
Z̄light = 39.7.

(10)

Note that these values are the sum of the position of
the fragment shell and the part of the neck that ends up
in the respective fragment. Therefore, it is possible that
these two values refer to the same shell, considering that
the part of the neck that ends up in the light fragment
may depend on the size of the heavy fragment.
The positions of the fission channels in fragment mass
vary with increasing excitation energy. They are determined by searching for the mass-asymmetry degree of freedom that provides the highest level density at the given
excitation energy in the respective fission valley.
The curvature of the macroscopic potential at the moment of freeze-out was taken from an analysis of Rusanov
et al. [71] of the width of the symmetric component in
measured fission-fragment distributions. The shape of the
potential for mass-asymmetric distortions of this degree
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of freedom is given by the sum of the macroscopic and
the microscopic contribution. All these contributions are
parameterised as parabolas U = U0 + C · (Z − Z0 )2 in the
vicinity of their minima, except for the S2 fission channel,
where the potential has a more complex shape. The parameterisation as a function of Z was chosen by practical
reasons, because the position of the fission channels is almost constant in Z, see fig. 8. The mass number A is then
given by the mean charge polarisation. The values of the
stiffness coefficients C used in the GEF code are listed in
table 1.
Table 1. Stiffness coefficients of the different contributions to
the potential for mass-asymmetric distortions. The stiffness of
the macroscopic potential depends on the system. It is taken
from ref. [71].

Table 2. Strengths of the fragments shells near the outer fission barrier.
S2
-4.0 MeV

S3
-6.0 MeV

Z ≈ 42
-1.3 MeV

is expected if the population of the fission channels is decided at or close to the outer saddle, where all degrees of
freedom are in statistical equilibrium [57].
For excitation energies below the height of the outer
barrier, e.g. for spontaneous fission, eq. (4) must be extended in order to account for tunneling. In this case, the
yield of a specific fission channel i is calculated with the
following equation:
∗,i

macroscopic
systematics [71]

S1
0.30 MeV

S3
0.076 MeV

Z ≈ 42
0.28 MeV

The shell that forms the S2 channel is parameterised as
a rectangular distribution in particle number with a width
of ∆Z = 5.6. The borders are smoothed by a parabolic
shape with C = 0.174 MeV at the lower side and with
C = 0.095 MeV at the upper side. This is technically performed by convoluting the rectangular distribution with
two Gaussian distributions with different width around
the two borders of the rectangle. This kind of shape is
consistent with the general feature of deformed shells obtained from shell-model calculations, [72–76], which show
extended valleys in the 2-dimensional plane of particle
number and deformation that start at a specific particle
number at small deformation and extend to a larger particle number at large deformation with a rather constant
shell effect over the whole range.
The strengths of the fragment shells are listed in table
2. The strength of the shell behind the S1 fission channel
varies as a function of neutron excess, because it is created
by both, the Z = 50 and the N = 82 shells. Thus, its
strength decreases if the N/Z ratio of the fissioning system
deviates from the one of the doubly magic 132 Sn.
δUef f = −1.8 MeV · (1 − 4.5 · |82/50 − NCN /ZCN |) (11)
The maximum value of the effective shell strength δUef f
is the sum of the shell strength δU = −4.6 MeV and the
expense ∆Umac = 2.8 MeV to be paid to the macroscopic
potential due to the spherical shape that is energetically
unfavourable at scission.
The population of states in the different fission valleys
behind the outer fission barrier that rule the yields of the
fission channels according to eq. (4) is determined by the
effective temperature of the density of nuclear states, that
is the inverse logarithmic slope of the level density according to the modified composite level-density formula of ref.
[77]. In the superfluid regime, the values in the actinide
region are around 0.4 MeV [78]. As discussed above, this

Yi =

eEsad /T

(12)
∗,i
i
i
1 + e(−Esad /(T ·Ttun /(T −Ttun )))
Yi is not normalised. This is not necessary, because
only relative yields are needed.
i
describes the part of
The temperature parameter Ttun
the transmission coefficient through the outer fission barrier that is sensitive to the specific properties of the corresponding fission channel. The values of the temperature
parameters for the different fission channels are given in
table 3. Note that the transmission through the first barrier and part of the transmission through the second barrier is common for all fission channels. Only the last part
of the trajectory towards the exit point in the respective
fission valley is specific to the fission channel. Because the
common part cancels when calculating relative yields, it
is not included in eq. (12).
i
Table 3. Temperature parameter Ttun
for the calculation of
the effective transmission coefficients through the outer fission
barrier. The values are given for the different fission channels.

SL
0.31 MeV

S1
0.342 MeV

S2
0.31 MeV

S3
0.31 MeV

The temperature parameter that determines the widths
of the distributions of the different fission channels in mass
according to eq. (5) is parameterised in the GEF code by
the relation
∗
T = 0.034 · Esad
+ 0.04 · ∆Esad−sci .

(13)

∗
Esad
is the excitation energy of the fissioning system
above the respective outer saddle, ∆Esad−sci is the poten∗
tial energy gain from saddle to scission [79]. Esad
becomes
negative for excitation energies below the height of the
outer barrier, e.g. for spontaneous fission. The value of
h̄ω/2 for the S1 fission channel that determines the minimum width due to the zero-point motion is 0.48 MeV. The
distributions of the other fission channels are assumed to
be well described by the classical limit.

Karl-Heinz Schmidt and Beatriz Jurado: Revealing hidden regularities with a general approach to fission

9

Fig. 9. Evaluated and measured mass distributions (black symbols) of fission fragments in comparison with the result of
the GEF model (blue symbols). The mass distribution after prompt-neutron emission are taken from the evaluation of ref.
[80]. The provisional masses from spontaneous fission of 260 Md were directly deduced from the ratio of the fragment energies
without applying a correction for prompt-neutron emission. They are taken from ref. [62]. The green lines show the calculated
contributions from the different fission channels. The figure is taken in parts from ref. [26]

The width of the charge polarisation is completely determined by the zero-point motion [69].
More details of the parameterisation used in the GEF
model can be found in ref. [26].
Figure 9 demonstrates the good reproduction of the
measured, respectively evaluated mass distributions of several systems. The narrow symmetric peak appearing in
the system 260 Md(sf) is produced by the overlap of the
shell near 132 Sn in both fragments. Note that the distributions from 14-MeV-induced fission are not directly parameterised but determined as the sum of the contributions
from the different fission chances. Competition between
pre-equilibrium particle emisssion, neutron evaporation,
gamma emission, and fission is taken into account by a
statistical code that forms part of the GEF model. See
ref. [26] for details.

4 Energetics of the fission process
In low-energy fission, the available energy, consisting of
the Q value of the reaction plus the initial excitation energy of the fissioning nucleus, ends up either in the total
kinetic energy (TKE) or the total excitation energy (TXE)
of the fragments. Moreover, the TXE is divided between
the two fission fragments. The main contributions to the
excitation energies of the final fragments are the initial
excitation energy of the fissioning system minus the outer
fission barrier, the dissipated energy between outer fission
barrier and scission, and the gain of binding energy when
the fragments snap to their ground-state shape after scission.

Theoretical investigations of the gradual transition on
the way from the fission barrier to the scission configuration, from a mono-nuclear to a di-nuclear system show
that the properties of the individual fission fragments are
already well established not far behind the outer saddle, not only concerning shell effects [22] as discussed in
sect. 3, but also with respect to pairing correlations [81]
and the congruence energy [82]. If the dynamic evolution
of the system between the fission barrier and scission is
slow enough, the system formed by the two nuclei in contact then evolves to a state of statistical equilibrium, the
macro-state of maximum entropy, where all the available
micro-states have equal probability [83]. This implies that
the intrinsic excitation energy will be distributed among
the two nascent fragments according to the probability
distribution of the available microstates which is given by
the total nuclear level density3 .
Thus, the distribution of excitation energy E1 of one
fragment is given by the statistical weight of the states
with a certain division of excitation energy between the
fragments:
dN
∝ ρ1 (E1 ) · ρ2 (Etot − E1 )
dE1

(14)

Note that ρ1 and ρ2 are the level densities of the fragments
in their shape between saddle and scission, not in their
ground-state shape. The remaining energy Etot − E1 is
taken by the other fragment.
3
The degeneracy of magnetic sub-states is not considered,
because it contributes very little to the variation of the density
of states as a function of excitation energy.
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The deformation of the light fragment of the S1 and
the S2 fission channels is given by:
βlight = 0.0325(Zlight − 24.5).

Fig. 10. Measured prompt-neutron multiplicity in 237 Np(n,f)
for En = 0.8 MeV and 5.55 MeV [95] as a function of the preneutron fragment mass (data points) in comparison with the
result of the GEF model (histograms). The figure is taken from
ref. [26].

In the regime of pairing correlations, the level density
was found to grow almost exponentially with increasing
excitation energy [84–91]. This can be understood by the
phase transition from superfluidity to a Fermi gas, which
is characterised by a strong increase of the effective degrees of freedom by pair breaking, leading to an essentially
constant nuclear temperature [92]. In this energy regime,
energy sorting will take place, and the light fragment will
transfer essentially all its excitation energy to the heavy
one [93, 94]. At higher energies, in the independent-particle
regime where pairing correlations die out, there is a gradual transition to a division closer to the ratio of the fragment masses according to the validity of the Fermi-gas
level density.
The phenomenon of energy sorting explains in a straightforward and natural way the finding of ref. [95] demonstrated in fig. 10 that the additional energy introduced in
neutron-induced fission of 237 Np raises the neutron multiplicities in the heavy fragment, only. A similar result was
reported for the system 235 U(n,f) [96], but data of this
kind for other systems with good quality are scarce.
The saw-tooth behaviour of the prompt-neutron yield
as a function of fragment mass, seen in fig. 10 and found
in low-energy fission of all systems in the actinide region,
has been attributed to the fragment shells at large fragment deformation in the scission-point model of ref. [74],
in particular to the correlation between nucleon number
and optimum deformation obtained from the shell model,
that was mentioned before.
In the GEF model, the deformation of the fragments at
scission is approximated by a second-order spheroid with
a tip distance of 1 fm. The deformation parameter β of the
heavy fragment of the S2 fission channel is parameterised
as a linear function of the atomic number Zheavy :
βheavy = 0.0275(Zheavy − 48.0).

(15)

(16)

We assume that this is due to a shell, roughly in the region
28 < Z < 50. It was not possible to deduce the strength
of this shell from the fission observables, but it is certainly
weaker than the shells in the heavy fragment, because this
shell in the light fragment does not influence the positions
of the S1, S2 and S3 fission channels.
Deviating from this behaviour, the nascent heavy fragment of the S1 channel is assumed to be spherical.
The deformation parameters of the nascent fragments
of the super-long (symmetric) fission channel were determined by minimising the macroscopic potential energy
(binding energies of the fragments plus Coulomb interaction potential) at the scission configuration.
The deformation values of the fragments belonging to
the S3 fission channel are not well defined, because the
S3 channel is covered to a great part by much stronger
fission channels in all fissioning systems. Best agreement
with the data is obtained when the deformation of the
heavy fragment is given by
βheavy = 0.0275(Zheavy − 48.0) + 0.2

(17)

and the deformation of the light fragment is formulated
as
βlight = 0.0325(Zlight − 24.5) − 0.1.
(18)
In the far left tails of the distributions, where the equations (15) to (18) eventually give negative values, spherical
shape (β = 0) is assumed.
For fissioning nuclei around Pu, where the shell around
132
Sn in the heavy fragment meets the shell near Z = 42
in the light fragment, the deformation of the light fragment deviates from the above description. The TKE values and the prompt-neutron yields indicate that the shell
near Z = 42 favours less deformed fragments at scission.
This deviation is parameterised accordingly in the GEF
code.
Since the fragment deformation, except in the SL channel, is strongly influenced by shell effects, there should
be a universal behaviour of the prompt-neutron yield as
a function of the fragment size for the asymmetric fission channels that are dominant in the actinide region.
Figure 11 demonstrates that a good reproduction of the
prompt-neutron yield for spontaneous fission can be obtained with this approach. For most systems, the promptneutron yield shows the systematic increase with Z and
A of the fissioning nucleus that is found in all systems,
where the S2 fission channel dominates. However in the
neutron-rich plutonium isotopes the prompt-neutron yield
deviates to lower values due to the stronger yield of the
more compact S1 fission channel with an almost spherical
heavy fragment at scission. This reduction is even stronger
in fermium isotopes approaching 258 Fm, where the two
fragments are formed in a very compact configuration in
almost spherical shape.
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Fig. 11. Measured mean prompt-neutron multiplicities for
spontaneous fission (black full symbols) as a function of the
mass number of the fissioning nucleus [97] in comparison with
the result of the GEF model (red open symbols). Experimental
error bars are not shown when they are smaller than the symbols. The value for 253 Es is reported without an experimental
uncertainty. The figure is taken from ref. [26].

The prompt-neutron yields from thermal-neutron induced fission, shown in fig. 12, are also rather well reproduced. However, the deviations are larger. It is not clear,
whether this is a deficiency of the model. The discrepancies found between the results of different experiments
may also indicate larger experimental uncertainties due
to the difficulties in the suppression of background from
scattered neutrons.
Not only the prompt-neutron yield is a signature of
the energetics of the fission process. Also the odd-even
effect in the fragment Z distribution gives very interesting information [100]. The quantitative calculation of the
odd-even effect is based on the assumption that the distribution of excited states in the two fragments at scission
is in statistical equilibrium. This means that each state of
the fissioning system is populated with the same probability.
For an even-even fissioning nucleus, the number of configurations with Z1 even at fixed total reduced energy Utot
is given by:
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Fig. 12. Measured mean prompt-neutron multiplicities for
thermal-neutron induced fission as a function of the mass number of the target nucleus [98] (black full symbols), [97] (blue
shaded symbols), and [99] (green open symbols) in comparison
with the result of the GEF model (red open symbols). We assumed that the value 3.132 for 232 U given in [97] (blue open
symbol) is wrong due to a misprint. The tentatively corrected
value (2.132) is marked by a blue shaded symbol. Experimental error bars are not shown when they are smaller than the
symbols. The figure is taken from ref. [26].

where ρi (Ui )(ee) and ρi (Ui )(eo) are the level densities of
representative even-even and odd-even fragments, respectively, with mass close to A1 or A2 . The reduced energy
U is shifted with respect to the energy E above the nuclear ground state: U = E − n∆, n = 0, 1, 2 for odd-odd,
odd-mass, and even-even fragments, respectively. This ensures the use of a common energy scale in the frame of the
fissioning system with respect to odd-even fluctuations, independently of the number of neutrons and protons in the
fragments, which is a basic requirement for the application
of statistical mechanics.
The number of configurations with Z1 odd for an eveneven fissioning nucleus is:
NZee1 =o (Z1 )

Utot
Z −∆2

ρ1 (U1 )(oe) ρ2 (Utot − U1 )(oe) dU1 +

=
−∆1

(20)
NZee1 =e (Z1 )

Utot
Z+2∆2

ρ1 (U1 )(ee) ρ2 (Utot − U1 )(ee) dU1 +

=

U
Ztot

ρ1 (U1 )(oo) ρ2 (Utot − U1 )(oo) dU1

−2∆1

(19)
Utot
Z +∆2

ρ1 (U1 )(eo) ρ2 (Utot − U1 )(eo) dU1
−∆1

0

where ρi (Ui )(oe) and ρi (Ui )(oo) are the level densities of
representative odd-even and odd-odd nuclei, respectively,
with mass close to A1 or A2 . The yield for even-Z1 nuee
ee
clei is YZee1 =e (Z1 ) = NZee1 =e (Z1 )/Ntot
/(Z1 ) with Ntot
(Z1 ) =
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Fig. 13. Local odd-even effect δp as a function of asymmetry.
The symbols represent experimental data from the compilation
of ref. [21] and denote the target nuclei: 229 Th (stars), 235 U
(open triangles), 242 Am (full triangles), 245 Cm (open squares),
249
Cf (open circles). The lines correspond to the results of the
GEF model. The figure is taken from ref. [100].

topographic theorem that is able to reproduce the empirical barrier heights essentially within the error bars. This
unprecedented accuracy can presently not be attained by a
microscopic theory. Also predictions towards more or less
neutron-rich isotopes can certainly be made rather reliably to a certain extent, as long as empirical atomic-mass
values are available. An essential feature of this approach
is that theory only provides the macroscopic energies at
the fission barrier (Efmac ) and in the nuclear ground-state
mac
(Egs
), while the influence of shell effects on the fission
exp
barrier is provided by the measured nuclear energy Egs
in the ground state. This study also revealed very clearly
that the odd-even fluctuations in the fission-barrier height
exceed those in the ground-state masses appreciably, indicating a larger pairing strength at the barrier. However,
it should be stressed that the reproduction of the isotopic trend by use of the topographic theorem depends
on the quality of the model that is used to calculate the
macroscopic mass at the fission barrier. Different models
may give strongly diverging results. This is clearly demonstrated in refs. [50, 101]. The droplet model [102], for example, was found to predict an isotopic trend that deviates
strongly from the trend of the empirical data [101].

NZee1 =e (Z1 ) + NZee1 =o (Z1 ). Similar equations hold for oddHowever, there remain questions, that claim for a careeven, even-odd and odd-odd fissioning systems. The to- ful study on a microscopic level. These studies could clartal available reduced intrinsic excitation energy Utot is as- ify, whether the increased odd-even fluctuations at the
sumed to be a fraction of the potential-energy difference barrier are caused by a deformation dependence of the
from saddle to scission plus the initial excitation energy pairing strength that would indicate a contribution from
above the barrier. Thus, it increases with the Coulomb surface pairing. Another explanation would be a reduced
parameter Z 2 /A1/3 of the fissioning nucleus.
pairing-gap parameter in the ground state of the heavier
This approach reproduces the observed salient features actinides due to a small single-particle level density caused
of the odd-even effect [21]: (i) The mean odd-even effect by their large negative ground-state shell effect. A larger
(ΣYZ=e − ΣYZ=o ) / (ΣYZ=e + ΣYZ=o ) decreases with the single-particle level density at the barrier, that is probably
Coulomb parameter and with increasing intitial excitation characterized by a positive shell effect (less binding), could
possibly explain that the gap parameter ∆f is appreciaenergy. (ii) The local odd-even effect
δp (Z+3/2) = 1/8(−1)Z+1 (ln Y (Z+3)−ln Y (Z)−3[ln Y (Z+ bly larger than the average gap parameter deduced from
the odd-even staggering of the ground-state masses. The
2) − ln Y (Z + 1)])
increases towards mass asymmetry. (iii) The local odd- fact that the odd-even fluctuations of the macroscopiceven effect for odd-Z fissioning nuclei is zero at mass sym- microscopic model of ref. [35], which takes the influence
metry and approaches the value of even-Z nuclei for large of the single-particle level density at the Fermi surface into
mass asymmetry. As shown in fig. 13, the quantitative re- account, are too weak, suggests the presence of a strong
production is satisfactory, except for the system 229 Th(nth ,f).contribution from surface pairing.
The disagreement found for this system may be caused by
Further studies could also find the reason for the need
the neglect of fluctuations in the dissipated energy. In fact, of the Z-dependent shift ∆B in eq. (2). The rather sysf
for a great part of the fission events the available energy tematic behaviour of the shift suggests that it is a macromay be so low that they reach the scission point in a com- scopic effect. It could be a deficiency of the predictions of
pletely paired configuration due to the threshold character the Thomas-Fermi model of ref. [23, 51] for the Z depenof the first quasi-particle excitation.
dence of the macroscopic ground-state or the saddle-point
As discussed in [100], the odd-even effect in fission- masses. The kink at Z = 90 could be an indication for a
fragment Z distribution is a sign of an extreme energy- violation of the topographic theorem. It is striking that
sorting process. It documents the entropy-driven enhanced for Z = 90 the location (in terms of elongation of the sysproduction of a cold even-even fully paired light fragment tem) of the macroscopic barrier coincides with the locain its ground state.
tion of the second minimum. Thus, the contribution of the

5 Discussion
The study of the fission barriers demonstrates clearly that
it is possible to construct a description on the basis of the

macroscopic potential to the fission-barrier height is minimum around Z = 90 and systematically increases towards
both lighter and heavier nuclei, because the maximum of
the macroscopic potential approaches the location of the
inner or the outer barrier for heavier or lighter nuclei, respectively. Another problem to be tackled by microscopic
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models would be to explore to which extent the macroscopic description of the Thomas-Fermi fission barriers
of ref. [23] can reliably be extrapolated towards very exotic nuclei, e.g. towards the astrophysical r-process path.
We would like to stress that saddle-point masses seem to
be only little affected by shell effects. Thus they are well
suited to benchmark macroscopic aspects of microscopic
models. This is particularly important for very exotic nuclei, because the precision of macroscopic trends becomes
increasingly important for predicting properties of nuclei
at larger distances from well studied nuclei.
The description of the properties of the fission fragments by the GEF model appears to be estonishingly simple and schematic. But the good reproduction of the experimental data indicates that the essential features of
the fission process are well represented, and the approximations are not crucial. The most powerful asset of the
GEF model is the separability principle of the macroscopic
properties of the mononucleus and the microscopic properties of the nascent fragments. Like the description of
the fission barriers with the topographic theorem, it is
based on the macroscopic-microscopic approach. The separability principle reduces the complexity of an individual
very specific potential-energy surface for each fissioning
system calculated by microscopic models to the superposition of universal shells in only four systems: the proton
and neutron subsystems of the two nascent fragments as a
function of particle number and deformation. In addition
to the good agreement with measured data, the simplicity of the GEF model reveals that the underlying features
of the fission process change gradually and systematically
as a function of the fissioning system and its excitation
energy, even if uprupt changes appear in the observables.
Nevertheless, the situation is not fully satisfactory. For
example, the fragment shells that are behind the fission
channels could not precisely be identified. Instead, the
GEF model has to directly use empirical information. In
particular, the rather constant position of the heavy asymmetric fragment component in atomic number for fissioning nuclei in the actinide region, which seems to be incompatible with the expected dominant role of neutron shells
for asymmetric fission [74], is not understood. Moreover,
some of the model parameters cannot be determined unambiguously by the experimental data. For example, the
variance of the distribution of a fission channel is given by
the inverse of the ratio of the curvature C of the potential
in a fission valley for mass-asysmmetric distortions and
the corresponding collective temperature T in the classical limit, see eq. (5). Thus, the value of C/T is well determined, but the individual values of C and T are not
well confined. The solution of these problems is probably
only possible with the help of microscopic models. However, this does not seem to be an easy task, regarding the
large discrepancies between fission barriers obtained from
microscopic models and empirical values. While nuclear
ground-state masses can be obtained with an uncertainty
of about 500 keV by the most reliable microscopic models, the potential energy at large deformation seems to be
subject to an uncertainty around 1 MeV. Being off in the
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calculation of the depth of the potential in a fission valley
by this amount changes the corresponding fragment yield
by more than an order of magnitude in low-energy fission
according to eq. (4). This makes it rather difficult to draw
definite conclusions.
A general lesson that can be drawn from the present
work is that certain aspects of the macroscopic-microscopic
approach should not be considered as obsolete, as one may
be tempted by the considerable progress in microscopic
modelling. For example, self-consistent microscopic calculations of the macroscopic nuclear properties with the
Thomas-Fermi model or similar approaches that average
over nuclear-structure effects could be very helpful in establishing a reliable basis for extrapolating fission barriers
towards nuclei further away from beta stability. Also the
separability principle that suggests the universal character
of the shell structure on the fission path by the strong influence of fragment shells demonstrates the benefit of the
distinction of macroscopic and microscopic nuclear properties for a general high-precision description of fissionfragment properties.

6 Conclusion
It has been shown that the assumption that the macroscopic potential energy is a property of the fissioning nucleus, whereas shell effects are essentially defined by the
fragments, as well as the assumption of statistical equilibrium for a system made of two fragments in thermal
contact can explain many complex observations, revealing
a significant regularity in the fission process that is not apparent when directly watching the observables. These regularities are often also not accessible to microscopic models. When combining these regularities with the available
empirical information, it was possible to develop a model
description of fission observables with an unprecedented
precision. We expect a good predictive power in a broad
region extending from Po to Sg isotopes. Our general approach can be extended to other regions if there exists
sufficient experimental information to adjust the model
parameters. Moreover, explanations were found for several
observed features that were not understood for decades.
However, a few observed features could only be described
in a purely phenomenological way. These ask for an explanation on the microscopic level. It may be concluded
that global approaches contribute to better understand
the physics of the nuclear-fission process and, moreover, a
combination of global and microscopic methods could be a
way to overcome the difficulties in meeting the increasing
need of nuclear data with the required precision for the
existing and future emerging nuclear applications.
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